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Metaheuristic algorithms for combinatorial optimization problems
(Review).

Shcherbina O. A.

Abstract. We survey metaheuristic algorithms that perform directed random searches
of possible solutions of combinatorial optimization problems, optimal or near optimal, until a
particular termination condition is met or after a predefined number of iterations. Metaheuristics
combine basic heuristic methods in higher level frameworks aimed at efficiently and effectively
exploring a search space. Metaheuristics fall in two categories: local search metaheuristics
and evolutionary algorithms. In this paper, we describe the major solution methods: Local
Search Metaheuristics (Simulated Annealing, Tabu Search, Greedy Randomized Adaptive Search
Procedure (GRASP), Variable Neighborhood Search) and Evolutionary Algorithms (Genetic
Algorithms, Ant Colonies Optimization).

I"#SHY%&H

I"HS68&" (% Y*"+,- ' "+0-. "12- 1 -- #'345 # '%6&/.1 &%78&/.1 1,1 )*%(-
$18-#(1.1 4%2%8%.1

089,14 )'#,-28&1: 1##,-2"%&1; 1 )7+1(%<1; "#$%$&'($$ ")&*+ # -# $.-
"O&IHLS, %I12,/,3 $ '1AI5$H#%!+ )1%6$1'HI5113 I"HS%SE ($$ (78) "I&+!/9,# 5,-
“H0 %1149, "5VHS-,)$, &2-$, ")) 2$.)5,#1*, 'H%$& ($!111*, %12,/$
D)HHL WE<=# 1,/$1,31%, &'+$.$%LH#S$, 1,2,/$%.H#0 16> )+, -SH+'=#
145'1$-,1$9 /14$-, )14 #$" $ +.,+1&0%I<1*, #,211/14$-)$,, + #1% -$./, $ $%,=-
@$, )-,.#+,11*3 2'5)#,5, #5,6!+'1$9. Al4/".1! Papadimitriou $ Steiglitz [39], &'2'-
-,3)1%6$1'#5113 I"#$%$&'($S (78) P =(S ,f) 1'&*+ #.9 &2 I"#$%$&'($S,
+ #1513 &'2'11 )I1,-11, %ll<, #+! 16> )#+ S $(/+9BES9 f:S ! R,
J#I5'Q 1'&1-# "II<$#,I011, &1-,1$, #I$%!#S 2/9 )<2l4l $& 16>)H#!+
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s" S.C,/0 .L#$# + #1%, -#16* 1'3#$ 16>,)# . %$1$%'/01*% &1'-,1$,% .#!$%!-
#$. 86>)#%$, )) "5'+$/!, 9+/9=H#.9 (,/*, -$.I', "12%1I<, #+' %1I<, #+ DI,-
%,1#!1+, "5, #11+)$ %l!<, #+' D/,%,1#!+ $/$ 45'B!+*, #5;)#;5*. E5$%,5!% &'-
2'-$ 78 %< # .[;<$#0 $&+, #1'9 &'2'-' )1%%$+!19<,5' [32]. F5;4%, "5$%,5* &'2'-

78: &2-$11'&1-,1$9?, &'2'-$ 1. #+/,1$9 5."$.'1$3, ' #)<, &'2'-$ "/'1$5!-

+'1$9. 7 .I</,1%=, 6!/0:$1.#+! $1#,5,.1*? &'2'- 78 9+/9=#.9 NP-#5;21*%3$ $
#1-11, 5,:,1%, $? + ?2;2:,% .[;-', %!<# #5,6!+#0 "I.#5!,1$9 2,5,+' "I1$.)' 5,-

;,1$3 D)."11,1($/01!4! 5'&%,5'. G .+9&$ . "5")#%$-,.)!3 &1'-$%!.#0= &'2'- 78,

2/9 $? 5,:,1$9 5'&5'6!1#'1 592 '/415$#%!+, ) 1#!5*, %!4;# 6*#0 )/'..$BH($5!+'1*

)) #1-1*, $/$ "586/$<,11*, /4158#%*. HI-1*, '/4I5$#%* 4'5'1#3$5!+'11! 1'?!-

29# 1"#3$%'/01!, 5,:,1%, 2/9 /=6!3 &'2'-$ 78 )!1,-114! 5'&%,5' &' 145'1%-,11!,
+5,%9 (.%. [37], [39]). G .+9&$ . D#$% -5,&+*-'31! )#;/01* 5'&5'6H) $ $../-
21+'1$, "5$6/$<,11*?, + #1% -$./, %, #D+5$.#%-,.)$?, 1415$#%!+ 2/9 5,:,1$9
&'2'- 78.

[, #D+5%$.#85)$ 9+/9=#.9 %'@1*% $ -5,&+*-'31! "1";/951*% )/'..1% !"#$%$-
&'($!11*? %, #121+. "1&+/9=@$? 1'?12$#0 5,:,1$9 2/9 :$5!)!4! )5;4' &'2"- $&
5'&/$-1*? "5$/1<,1$3. A$/' %, #'D+5$.#%) .L#I1$# + $? ."1.1I611.#$ 5,:,1$9 ./I<-

1*? &'2- 6,& &1'1$9 "SL#5'LH#+ "13$.), $%,11! "ID#1%; D#$ % #12* 2'=# +!&-
%I<1!.#0 5,:'#0 #5;2115'&5,:$%*, &'2'-$ "#$%$&'($3$. J'5!@,11! %!<1! 5'.-
OHES+HO % #D+5$.4$)$ )) 4I5$#%*, 5,/$8&:=@$, "59%!3 ./-'31*3 "I$.)
+H&Y%I<1*? 51 1$3 &'2-$, I"#$%'/01*? $/$ 6/$&)$? ) I"#$%'/01%%, "1)' 1, 6;-
24# +*1,10 1), 5. 1+8, $/$ 21 #$41;#! &2'11!, -$./' $#,5'($3.

H,5%$1 -$%="*14$1(% , +"5+* ++2,11*3 + [23], "5I$.212# 1# )1%"1&$($$
2+:? 45, )$? 1+ (K% #L + KD+5$.#$)'L). KI#L 1&1-' # K& 4! "5,2,/'%S$,

+ +,5?1,% ;5!+1,L. KM+5$.#3)'L "5!$.?212$# # 4/'4)]' heuriskein LENL )
"5'+$/!, 2/9 5,:,1$9 ./I<1*? &'2'- )1%6$1'#!51!3 "#$%$&'($$ 5'&5'6'#*+'/$.0

UU(SUBESEIHLILY,  =IHSL(L . M+5$.4$) D D#! /=6'0 "51(,2;5', )#I5'9 1'212$#
21 #3901, 5.1, X" X.7I1,-11, 214,/1.0 6*, -#16* K420 L I"HS9%'/01%%
5,:1$,% x* (,./$ "1/,21,, 5,:,1$, ,2$1.#+,111) $/$ f(X) 6*/1 6% 5+11  f (x*).

F/9 6!/0:$1.4#+ D+5$.#9$), 121!, %I<1! #/0)! 1'2,9#0.9 ($ 2/9 1,)#5*? $
20)&'#0), #!  (X) 9+/9,#.9 K6/$&)$%L ) f(x*). NV, 16@$, .2,%* 5,:,1$9 &'-
278, 1'&*+ %*  .-$%="*1#$1(%.1 , 6*/$ 5'&5'61#1* 05,21% P/1+,5% + 1986
412: [23], [26]. |, #D+5$.#$)$ "*#'=#.9 16> 2$1$#0 1. 11+1*, D+5$.#$-,.)$, %, #12*

+ 5'%6)'? JAI5$H%S-,.)$? .2,% 61/, +*.1)I41 :51+19, 1"'5'+/,11*? 1' DBB,)#$+-

11, $&:-,1$, "SLAS' L4+ "$.). M#! 16*-11 #5,6:# %1141 %,10:, 5'61#*, -, %

Iheuriskein (evpiokewr) I"H$%$&" (#$)™*+.
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5'&5'61#)" .",($/$&$5!+'11*? D+5$.#$) K. 1;/9L. Q'2'-' #,",50 .L#I1$# + 2"#'-
($$ 16@$? (%,#D+5%.#$-,.)$7?) .2,% 5,:,1$9 ) 5,;,1$= #5:21*? &'2'- 78. 75!%,
#141, 21519 5'/$&'($9 %, #' D+5$.#3)$ %!<,# 16,.",-$#0 1'?!1<2,1$, &' 5'&;%1!,
+5,%9 6/$&)!14! ) I"#$%'/011%); 5,:,1$9.

E5,<2, -,% #,5%%1 K%,#D+5%$.#$)$L "I/;-$/ :$5)!, 5'."51.#5'1,1$,, %,# D+-
5$.4$5)$ - # 1'&*+1$  #"*--&&J[.1 =*1#$1(%.1 [40]. 7/'.. % #D+5$.4$-,)$?
1A15$#%!+ +)/=-"# + .,69 R 1! 1, 145'1$-$+'#.9 R '/4I5$#%* "#$%$&'($$ %;-
5'+0$1!3)!/11$$ (ant colony optimization (ACQ)), D+!/=($!11%, +*-$./,1$9, +)/=-

9 4,1,#$-,.)$, 1415$#%* (PS), $#,5'#$+1*3 /1)/01*3 "1$.), %, #12 $%$H# ($$
I#<$4' $ '1AI5$H#% #6;-"1$.) ($/$ "I$.) . &"5,#%$).

G 1'#9@,, +5,%9 .;@,.#+;# 21.##!-1! %1!4! 16&!5!+, 6$6/$!45'B$3 $ )/'.-
$B3%)'($3 %,#D+5%.#%-,.)$? '14153#%!+ (.%., 1"'5%$%,5, Vo 8 (1993) [42], Glover &
Laguna (1997) [25], Osman & Laporte [38]).

7 .1</,1$=16&!5!+ 1' 5;..)1% 9&%),, ".+9@,11*? %,#D+5%.#%-,.)$% "127?!-

2'06 ) 5,:,1$= &'2- 78, + 1" #19@,, +5,%9 1,#, ?1#9 $%,=#.9 ";6/$)'($$, "1.+9-
@,11*, 1#2,/01*% %,#D+5%.#%)'%: [5, 6, 7, 8, 9, 12]. G 1.11+1!% $%,,#.9 /$#,5'#,5,
"4+9@,11'9 4,1,#$-,.)$% '/4I5$#%'%: [1, 3, 4, 10] $ D+1/=($!111%; %!2,/$5!+'-
1$=[2]. T2$1.#+,11%% $.)/=-,1$,%, 1'.)//0)! $&+, #1! '+#15; 9+/9,#.9 )1$4' [11].

U'&;%,,#.9, + 5'%)'? 2'11!3 16&!51!13 .##0$ 1,+!&%!<1! "125!61! I"$.'#0 +.,
VO S 15'+H,1$9 %, #D+5$.4#$-,.)$? "122121+ ) 5,:,1$= &'2"- 78, "ID#1%;

6!/,, "l/1;= $1B!5%'($= %!<1! 1'3#3$ + ./,2;=@%$? )1$4'? $ 16&!5'? "! %, #'D+-
5$.4#$)%: [14, 26, 44].

V' #9@'9 ##09 "5$&+'1' &"/1$#0 ;)'&'11*3 "5!6,/ $ 2'#0 1":,%; -$#'#,-
/= "5,2.#+/,1%, 16 1.11+1*? 1"5'+/,1$9? %,#D+5%.#%-,.)$? "12?12!+ ) 5,:,-
1$= &'2"- 78.

1. HO*"+&,(&-#,.&# )I01+&(23 $/4 5)3)- .126&%)(1+%17
18(&28&5)98&

[L#D+5%$.#3)$ R D#! 16@%, D+53.#3)$, "1&+!/9=@$, 1'?12$#0 6/$&)3, ) "#$-
%'/01*% 5,:,1$9 5'&/$-1*? &'2'- "#$%$&'($$ &' "53,%/,%!, +5,%9.
U'&/$-1* 1"$.'1$9 % #D+53.#3) + /$#,5'#,5, "I&+!/9=# .B!5%;/$5!+'#0
1)#15% B;12'%,1#'/01*, .+13.#+', )#15*%$ ?'5)#,58&;=#.9 %, #D+5%$.#%$)$:
¥ | #'D+535.#35)$ R D#! #5'#,4%3, )I#!5*, K;"5'+/9=#L "5!(,..!1% "1$.)' 5,-
5,1$9.
¥ C,/0 %, #D+5%.#%)$ .| #!$# + DBB,)#$+11% $../,2!+'1$$ "5 #5'1.#+ "1$.-
) 219 1'21<2,1$9 ("I-#9$) I"#$%'/01*? 5,:,1$3.
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¥ | #D+5$.4#$-,.)$, AI5$H%* +'50$5;=# # "SL#*2 "51(,2;5 /1)/0114]
") 21 JI<1*? "BI(,.. 1+ 16;-,1$9.

¥ | #D+5$.4#$-,.)$, 4I5$H%* 9+/9=#.9 "5$6/$<,11*%$ $, )) "5'+$/,
1,2,#,5%$1$5!+'11*%$.

¥ | #D+5$.4#$-,.)$, AI5$HY* %ld:# +)/=-#0 %,? 1$&%* $&6,4'1$9 "I"'2'-
1$9 + /14+2): + 145'1$-,111% 16/ #$ "5LH#5'1.4#+ "1$.).

¥ | #D+5$.4$)$ %!4:# 640 I"$.'1* 1' '6.#5")#11% ;51+1, (#.,. 11$ 1, "5,2-
1'&1%-,1* 2/9 5,:,1$9 )I1)5,#1*? &'2").

¥ | #D+5$.4#$)$ %!4:# $."1/0&I+H0 "5,2% #1!-15$, 1#$5!+'11*? &1'1$9 + +$2,
D+5$.4#$), )I#15*%, 1'2120#.9 "12 )I11#5/,% #5'#,4$$ +,571,4] ;51+19.

¥ Al+5,%,11%, % #D+5$.#$)$ $."1/0&;=# 175'1,11*3 + "%#S$ I"*# "I$.)
5,:,1$9 2/9 :"5'+/,1$9 "I$.)!1%.

7'<2'9 % #D+5$.4$) $%, # .+1$ 164+ 111, "1+.2,1$, $ ?7'5)#,55.#$)$. 82-
1Y) +., %, #D+53.#3)$ $%,=# 592 1.11+1*? )19%"11,1# $ +*"1/19=# I"5'($$ +
"5,2,/'? 145'1$-,1114! -$./' )'#,415%$3.

1. >8&1<1%,14%<13l,#'2 1'?!<2,1$9 1'-'/01!4! 5,:,1%9.

2. ?2(*-#B&"#P1 . 7'<2!%; 5,:,1%= X M+ # A+ # LI, #+! D5 #1143 $
A9&'11*, . 1$%$ ",5,?12*: {N1, N2, ..., N.}.

3. @*1$-*1; [+ % "(*-#S&"#$1 I"5,2,/9,#9 + .[;-', 1'/$-$9 6!/,, 12113
)5, #1145, M#I# )5$#,5$3 21/<1* )&'#0 1, #1/0)! +*6$5',%:= 1)5, #1140, 1!
$:./14$9 |, +*6I5". S/O#, 514+ +'50$5:=# I# K1' )'<2!3 $#,5'($$L (1"'5$%,5,
4,1 #%-,.)$, %, #12*) 2! K'5$ 2'11*? ;./1+$97L.

4, ?2$+"* (%&212%3$™ . 8)5, #1.#$ %!4;# 6*#0 !-,10 6!/0:$%$. HI42' 16*-1!
5. %6#5$+ #.9 #1/0)! "I20611<, #+! " 5 2121+ 1' <213 $#,5'($$. Alldt+ H#.4+:-
—@%$3 ."$.1) )12$2'#+  C(x) # N(X) %I<.# 640 "I.#1911%% $ 1611+/9,9%*% I#
$#,5'($$ ) $#,5'($$ (15$%,5, #6:-"1$.)), $/$ <, 11 %l<# 6*#0 "L#5!,1 1
)<213 11+13 $#,5'$$ (15$%,5, 4,1,4$-.)$, %,#12%). G! +.,? /:-9? )5$H#,-
583 +*6!5' 1"5,2,/9,#, ))$% !65'&!% %!4;# 6*#0 +*65'1* 5,:,1$9 2/9 +)/=-,1$9
+ ) Y1282+,

5. @*1$-*1; )*18&3$13 . E,5,212* I(,1$+'=#.9 . "1%!@0= B;1)($$ 9(x, y) &'+$-
9@,3 W #)$? "5'%,#51+ 2+:2 5,,1$3, )) &1-,1$, (/,+13 B;1)($$, #5'B*
&' 1'5;:,1%, 1,)#15*? 145'1$-,1$3 $ #£". G*6$5'#.9 1'$/;-:,, 5,:,1%, "I #-
1!:,1$=) D#!%; )5%#,5%= X = argop{g(x,y);y " C(X)} (. ;-#'% 1,16?12$%! #$
"5 214+5'@,1$9 &'($)/$+1$9).

6. @*1$-*11 "#$%&™(1 . |, #D+53.#$)" %!<# 6*#0 L#11+/,1' .14/'.1! 5'&-
1$-1*% )5%#,5$9%: +5,%9 +*-$./,1$3, -$./! $#,5'($3, #,%"* ;/;-:,1$9 5,:,1$9
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. W1$($/$&'($9: x°
. G*6I5 )5, #11.#,3 N "{ Nyi,...,N}
. G*615 )12$2'#  C(x) # N (X)
. 8(,1) ",5,212'/$../,21+'1$, )5, #11.#$ g(x, y),y" C(X)
. U,/1$&'($9 5,712 X = argopf{ g(x,y)}
. 8(,1)' 5,:,1%9, '161!+$#0 "'5'%,#5* "I$.)
. E5!+,5) )5%#,5%,+ L#11+)$: Stop $/$ Goto 3 ("512!/<$#0 /1)/01*3
"13$.))
$/$ Goto 2 (1-'#0 1!+*3 D#" "1$.))

N o ok WDN

Al#. 1. 86@'9 %,#D+5%$.#3)".

1. 8"5,2,/$#0 $.?1211, 5,:,1%, x°" X ; k=0;
2. k=k+1;

3. V'3#$ X = argminf (X)|x " N (x*);

4.TI$ f(X)$ f(x*) Stop.

5. W1-, x*1 = m(x); Goto 2.

Al#. 2. E5L#9 D+5$.4$) /1)/01141 "1S.).

$ #.2. < # 6*#0 1"5,2,/,1 6!/,, -,% 12$1 )5$#,5%$3 2/9 ;"5'+/,1$9 5'&/$-1*%$
B'&'%$ "1$.).

W."l/0&;9 D#$ 1"5,2,/,1$9, 1"$:,% %,#D+5$.#%$-,.);= "5!(,2;5;, "I)'&'11;=
1'U$.. 1, $ $."1/0&;,% ,, 2/9 I"$.'1$9 #5,? 4/'+1*? )/'..1+ %, #D+5%$.#%): 4,1,-
#E-,.)8? %, #1214+, 9%, #121+ $%SH ($$ 1#<$4' $ #6;-"1$.).

|L#D+5$#8)$ +)/=-"=# 2+, )#,415$$: %,#D+5$.#$)$ /1)/01!4! "$.-
) (IXE 2 $ D+Y/=($!11*, /415$#%* (MS).

2. '#(1$3 /1.)/:%101 81&,.)
2.1. .;7<9 @>A9B>=<C. S/4!5%$#% /1)/0114! "1$.)' 1'-$1' # .+!= 5'6!#; . 1"-
-/01141 5:.1$9. V' )'<21% :'4, "1$.) #,):@,, 5,:,1$, &%,19,#.9 25;4$%,
[-:$%, 5,:,1$,%, 1'32,11*% + 5, #11.#$ #,).@,4! 5,:,1$9 (5%.. 2).

2| SMs , local search metaheuristics.
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IXE 16%-1! "I&+1/9,# 1'3#$ /1)/01*3 "#$%:;%. 7 .11+1*% % #12'% IXE
I#11.9#.9 %, #12 $%$H ($$ 1#<$4' [30], #6;-"1$.) [24], "5!(,2;5' <'21!4! 5'121%$-
&$5!+'11141 2" #$+1141 "1$.) (GRASP ) [19], %,#12 "1$.)' -,5,2;=@$?.9 !)5, #-
11.#,3 VNS 4 [35].

2.2. 19DEF <A<D>G<< EDH<I>. M# %,#D+5%.#%)' 9+/9,#.9 5'12!%3$&3$5!+'11*%
%,#121% /1)'/0114! "1$.)", "1&+!/9=@$% $&6,<'#0 "/1?$? /1)'/01*? "#$%;%!+.
WO ($9 1#<$4' [31] $.2128# $& '1'/14$$ . BS&S-,.)$% "5I(,..1% I#<$4', 1"5'+-
1,11%% 1' "I/;- 18, #+,52*? #,/ . 1$&)!3 D1,54%,3 .1.#191$9. G B$&$), )!112,1.%-
51+'11141 1 #191$9 1#<$4 9+/9,#.9 "5!(,..1%, + )1#1519% #+,52!, #/1 .1-'/'5".-
"I'+/9=# "#,% ;+,/$-,1$9 #,%" 5'#;5%, &'#,% "I.#,",11! .1$<'=# #,%",5'#;5;
2/9 +1 . #11+/,1$9 #+,5214! 1 #191$9 . 1$&)!3 D1,54%,3. | #12 $%$# ($$ #<$-
4D DH #17 #$-,)$3 %, #12 "I$.), + #1510 1' )<21% 4, #):@,, 5,19,
&'%,19,#.9 25;4%%, ./;-'31! +*65'11*% $& !)5, #1\.#$ $ /;-'=@%$% &1'-,1%,
(/,+13 B;1)($$ 5,:,1$,%. |, #12 $%$#($$ 1#<$4' $."1/0&; # ;"5'+9=@$3 "
5'%,#5, $%,1;,%*3 #,%",5'#;5!3, 2/9 1"5,2,/,1$9 +,519#1! #3$ "5$19#%$9 5,:,1$3,
1, /;-'=@%$? &1'-,1$, (,/,+!3 B;1)($$. H%",5#5" ".#,",11! .1$<' #.9 .-
41! 45'B$); 12/'<2,1$9 #), -#! W2,/01*, 1, /;-'=@$, &1-,1%, (/,+'3
B;1)($%$ 5,;,1$9 "5$1$%'=#.9 + )I1(, "1$.).

H@'#,/01*3 #<$4 . 592!% #,%",5'#;51*? ;5!+1,3, 1' )#!5*? #,%",5'#,5'
2V##1-11 21/41 125'19,#.9 . (,/0= 2L.#$<,1$9 5'+11+,.$9 .$.#,%*, "5$+12%#
) 61/, 5,4/951*% #5,)#,5'%, |+ #H#+=@$% #+,52*% #,/'% . 1$&)!3 D1,54%-
3. G #$-3, # 61/0:31.#+" %, #D+53.#%), 2/9 '14153#%"' $%S# ($$ 1#<$4' 2!-
)&'1' 3% "#1#3$-,.)'9 .?123%!.#0 ) 4/16'/01!%; "#$%:;%;. J.",? % #!2' $%SH# -
($$ 1#<$4' +*&+' 5'8&5'6!#); 2,#,5%$1$.4#.)$? '1'/141+, DBB,#$+11.#0 )1#15+?
6/$&)' ) DBB,)#$+1!.#3$ $%$#'($$ #<$4": Threshold Accepting [18], Record-to-record
Travel [17], $ '/415%$#% Great Deluge® [17].

2.3. #;J-KE<LM. 7') $ '/415$#% $%S$#'($$ 1#<$4', #6;-"1$.) [25] 9+/9,#.9 % #-
D+5$.#$)!3, 1.11+'1113 1' /1)/011% "1$.),, 42, 1' )'<2!3 $#,5'($$ +*6$5' #.9

-1, 5,.,1%, + )5, #11.#$ #,),@,4! 5,:,1$9 + )-, #+, 11+141 #):@,4! 5,:,-

1$9, 2'<, ,./$ D#! "5$+12%# ) +,/$-,1$= #1$%!.#$ 5,:,1$9.

3GRASP=Greedy Randomized Adaptive Search Procedure)
4Variable Neighborhood Search
5../10%1 2&.*31/! 41'"5%
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1. $1$($/$&'($9: +*65'#0
a) 1'-'/01!, ..#91%, (5,:,1%,) X = Xp;
b) 1'-'/01;= #,%",5'#;5; F'=1g;
C) B:1)($= .1$<,1$9 #,%" 5'#;5* "
2. 15, #11.#0 $ +*615 )'12$2'#1+: 1,# ()) "5'+$/!); &%,1$#0;
3. +*65'%#0 -$./! $#,5'($3 L 2/9 "5$6/$&$#,/01141 5'+11+,.$9 #,%",5'#;5*
-
4. $8%,1,1$, "I/1<,1$9 1(,1)$/$../,21+'1$9 1)5, #11.#$: ./;-'31*% 165'-
&% +*65'#0 y " #:;
5. $&%,1,18$, "/I<,1$9  $f = f (y) %f (x);
9LN< $f & 0 DE
X:=y
<=>B9
9LN<g(Xx,y) = exp(%$f/! ) >random (0, 1) DE

X:=y
6. 1(,1)$ 5,:,1%9;
7. "51+,5) +*"1/1,1$9 )5$#,5$9 |.#11+)$
a) 9LN<-$./! $#,5'($3 %,10:, L DE
Goto 4
b) 9LN<.?12$%!#0 1, 2!)'&'1"' DE
I ="(1); Goto 3;

Al#. 3. 86@'9 "5!(,2;5' $%$#($$ 1#<$4".

[ #12 #6;-"13.)', #)$% 165'&!%, %!<,# ;3#S$ 1# "/12$? [1)'/01*? "#3%;%!+.
G )5'#)1+5,%,11!3 "%9#3$, 1'&*+',%!3 ."$.)!% #6;, .!1?5'19,#.9 1,2'+1! 1'32,1-
1*, 5,:,1%9 ($/$ '#5%6;#* 1,2'+1! 1'32,11*? 5,:,1$3), -#16* $&6,<#0 )5'#)!-
5I-114! &'($)/$+'1$9. E!$.) "5)5'@"#.9 "/, 1"5,2,/,1114! -$.I'" $#,5'($3
$/$ ,./$ "L/, 592" "L/ 21+'#,/01*? $#,5'($3 1, 6%/ 21#$41;#! ))$?-/$6!
/i-,183 + 1'$/;-1,% $&+,.#11% 5,:,1$%.

2.4. O>F=PQ >=FEA<@<ER>==PQ >F>KD<R=PQ KE<LM GRASP. 8.1+1'9
$2,9 <2113 5'1219$&$5!+'1113 2" #$+113 "51(,2:5* "1$.)’ (GRASP) [20], [41]

LHSH + $.1/0&I+'1$S 5'121%6$8$5!1+'1113 <2113 D+5$.4$)$ + %6/0#S$.#5H-
"51(,2;5, 2/9 4,1,5$5!+'1$9 5'&/$-1*? 5,:,1$3. V' )'<21% 4, <'21!3 D+5%-

#9)$ DI.%,1#*, @, 1, +)/=-11% + #).@,, - #$-1!, 5,.,1$,, 1(,1$+'=#.9 .

"1%!@0= D+5$.#$-,.)13 B;1)($$, ' /;-:$, D/,%,1#* .175'19=#.9 + 145'1$-111%
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&SEF: E5%$%,5 &'2'-$
&PSEF: .;6-1"#$%'/01!, 5,:,1%,
1. 1'3#$ 1-'/01!, 5,:,18%, ./;-'31*% !65'&!% $ $1B($/S&S5!+'#0 #,%",-
S#5;, T,
2. KEM>(T > 0)
a) KEM>(2!.#$<$%! #,5%%-,.)!, 5'+1!+,.$,)
() 1&2'#0 ./;-'31*% 165'&!% !)5,.#11.#0 ..#191%$9 $ !(,1$#0 $&-
%,1,1$9 + D1,54,#%-,)!% ;5!+1, $E;
(i) ,/$ $E < 01611+$H#0 #,):@,, .|.#191$, 1' 11+!, .1.#191$,;

(i) /3 SE >= 0 16114840 #):@,, .|#O1S, 1' 11+, .L#1918, .

+5IOH1LHO= eFeT;
b) .1$<,1$, #,%" 5%5¢ T + I+ #H#+$$ . 5."$.1$,% H<$4'
3. +%+12 5,189, $%,=@,4! .'%;= 1$&);= D1,54$=;

Al#. 4. S/4158#% $%$H ($$ 1#<$4'.

1. $1H($/$&'($9:  Xo
2. +%615 1)5, #11.4#$: /I)/01*3 "$.), $1#,1.$B$)($9, 2$+,5.$B3$)($9,

3. 1615 Y12$2%  C(?) # N(X);

4. $8%,1,1$, "I1<,1$9 I(,1)$/5, #11.#$ $../,21+'1$9: )5$#,5$$ #6;,
)5$#,5$3 ."$5'($S$.

5. $8%,1,1$, "I/1<,1$9 5,/$8'($S$:

6. 1611+/,15, "%OHS $ #H,. #6;;

7."51+,5) +*1/1,1$9 )5$#,5$9 1.#11+)$

OLN<"5!+,5) 1, "SI/, DE

Goto 3 /I "#$H%&'()' Yo#*+%,(#-# #).*+ orGoto 2 //)/0'(()' 1+/2

1) %+

Al#.5. H6;-"1$.).

IS, Y1282+, 82$1 $& DI,%, 1#!+ &'#,% ./;-'31! +*6$5' #.9 $& D#4! "$.)' $
+)/=-'#.9 + - #$-11, 5,:.18$,. 7142' "5I(,.. "L.#51,1$9 5,:,1$9 &+5:,1, 5,-

1S, 2M/1$#,/010 - #.9 . "%I@0= /1)/0114! "$.). X1, 5,:,18,

" A9 (58,183 ", 15,2,/ 11140 S, #+ " 5,&™)IH+.
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&SEF: "5$%,5 &'2'-$
&PSEF: .;6-!"#$%'/01!, 5,:,1%,
1. $1$($/$&'($9:
a) Al&2'#0 1'-'/01!, 5,:,1%, X $ %ll<, #+! x* = {x};
b) W1$($'/$&$5!+'#0 ."$.!) #'6; T=";
c) EVI<$#0 .-Y#-$)$ $#,5'($3 k=0 $1=0;
2. KEM>(N(X)\ T E ")
a)k=k+1,I=1+1;
b) G*65'#0 x +)-,.#+, [;-:,4! 5,:,1%9 $& %1!<, #+' N(X)\ T;
C) T./$ f (%) <f (x¥) #142'161+$#0 x* = x $ Wll<, #+! | =0;
d) T/$ k=R $/$ | = PGoto 3;
3. +*+12 [;-1,41 1'32,1114! 5,:,1%$9 X*;

Al#. 6. S/4158#% #6;-"1$.)'.

&SEF: "5%%,5 &'2'-$
&PSEF: .;6-1"#3$%'/01!, 5,:,1%,
%lI<, #+! x* =) ;
KEM>(;./'+$, L.#11+)$ 1, +*"1/1,1))
(a) 1'3#% ./;-'31!, K<'21!,L 5,:,1%, X;
(b) 1'3#$ /')'/01*3 %$1$%;%  *x $& N5, #1L.#$ N(x) 5,:;,1$9 x;
(.) 9LN<f (%) <f (x*) DE
161!1+$#0 %lI<, #+! X* = x;
+*+12 [;-:,41 1'32,11'4! 5,:,1$9 X*:

Al#. 7. 86@%$3 "'$.) GRASP.

2.5. I9DEF KE<LM> B9:9FJT?<SLC EM:9LD=ELD9Q. |#12 - 52:=@$?.9 !)5, #-
11.#,3 VNS © [28, 35] R D#! %,#D+5$.#8$) /1)/0114! "I$.), J#I5'9 $."1/0&; #
5, #11#S$ 2/9 ;212 1# "17$? 1)/01*? I"#$%:%!+. 8.11+1'0 $2,9 "I$.) . -,-
5,2;=@$%$.9 1)5,.#11.#9%$ VNS [35] .L.#I$# + "1/, 21+'#,/011% $&-,1$$ 1'6!5'
"5,21"5,2,/,11%? 1)5, #11.#,3 2/9 "I/~ 1$9 /;-1,4! 5,:,1$9. S/415$#% VNS
$."1/0&; # %, #12 ") 2/9 "Ifi-,1$9 /1)/0114] %$1$%:%". Q#,% 11 $../,2; #

Svariable Neighborhood Search (VNS)
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&SEF: "5%%,5 &'2'-$
&PSEF: .;6-1"#$%'/01!, 5,:,13%,
1. $1B(H/$&'($9: %wl!<,.#+! 5,:,1$3 S=";
2. KEM>(1, "L.#5!,1! 5,:,1%,)
(@) . "1%!@0= K<'21!3L B;1)($$ .!&2'#0 145'1$-,11*3 ."$.!) )'12$2'#!+,
(b) ./;-'31! +*65'#0 D/,%,1# s $& ."$.)' )'12$2'#!+;
() "%, #$#0 s +! %ll<, #+!5,:,183, #! ,.#0 S=S*{s};
(d) $&%,1$#0 K<'21;=L B;1)($= . ;-Y#1% 161!+/,1114! S;
3. +*+12 [;-1,41 5,:,1$9 X, Ji#+ #.4#+=@,4! 1'6!5; S;

Al#. 8. S/415$#% GRASP.

&SEF: "5$%,5 &'2'-$, 5,:,1%, X, N5, #11.#0 N(x)
&PSEF: /1)/01!-I"#$%'/01!, 5,:,1%, x
- KEM>(x 1, /')'/01!-1"#$%'/01!,)
(@) 1'3#$ x" N(x), 42, f (%) <f (x);
(b) 1611+$#0 x = x;
+*+12 /1)/01!-1"#$%'/01!4! 5,:,1$9 X;

AR w R

Al#.9. O'&' /1)/0114! "1$.) '1415%#%"' GRASP

311 /$6! $.4,%HS-,)$ %1I<, #+1 )5 #1143, H):@,, 5,,1$, &%,19-
.9 14+%% [:$% 5,,1$,. EI$.) 1-$1'#.9 . ",5+3 )5, #11.#$. T./$ 5,:-

1$,, -2, % #):@,,, #% 1, 6:2,# 1'32,1!, 1415$#% " 5,212$# ) ./,2:=@,3
N5, #11#S$, /;-'31%% 165'&1% 4,1,5$5;# 11+!, 5,18, $ "*# #.9 /;-:$#0
AL 7142 + 2'1113 )5, #114S 1'32,1 /1)/01*3 I"#$%:%, +*6$5'#.9 25:4'
N5, #11.#0, J#I5'9 $."1/0&;#.9 1' /,2;=@$? $#,5'($9?. H)$% !65'&1%, 2/9
2'11141 %ll< #+' 1)5, #1143 5,18, "I51<2' #.9 ./;-'31%% 165'&1% + " 5-
+13 1)5, #11.4#$ #,):@,4! 5,:,1$9, $& )#I5!4! +*"1/19,#.9 /1)/01*3 .".). T.I$
"I/;-,11%3 /1)/01*3 I"#$%;% 1, /;-:, #,),@,4! 5,:,1$9, #! "51(,2;5' "l+#I-
59,#.9 2/9 ./,2;=@,3 )5, #11.4$. EI$.) #5#,# +11+0 $& " 5+13 5, #11.4$,
142" /$6! 1'32,11 5,:,1$,, /;-:,,, -,% #);@,, 5,:,1$,, /$6! +., 5, #11.4#$
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&SEF: "5%$%,5 &'2-$ P, +1&%!<1!, 5,:,1%, so" F,$
N5, #1L.#$  Ni,No,...,N,
&PSEF: .;6-"#$%'/01!, 5,:,1%, s" F
1. $1$($/$&'($9: s = sg, Improve = <LD<=>
2. KEM>(Improve == <LD<=>)
a) Improve = NEHU,
b) k=1;
c) KEM>k & p
(i) 1&2'#0 s’ + .[;-'3113  Ny(s);
(i) "5%$%,1$#0 /1)/01*3 "1$.) 2/9 N; $ $."/0&!I+#0 s +)-,.#+,

/M)'/01!4! 5,:,1%$9. KJLDUS” 6;2,# /1)'/01*% !"#3$%;%!%;
(i)  9LN<f (") <f (s) DE
KJLDUs = s;
Impruve = <LD<=>
K:9:PR>=<9 ;
<=>B9
k=k+1

3. +*+12 s+ ) #+, 61"#$%'/0114! 5,:,1$9;

Al#.10. 1,#12 ") ",5,%,11*? )5, #1!.#,3.

6*/$ "51.%#5,1*. G $&+,.#11% %, #12, /1)'/0114! .";.) . -,5,2;=@%$%%$.9 1)5,.#-
11.#9%$7, 5'..%'#5%+ #.9 1'$/;-:$3 .I..2 #):@,4! 5,:,1$9 +%,.#! ./;-'3114!
+*615". X!1)'/01*3 .";.) 2/9 D#!4! 1..2" 1, +*"1/19,#.9. M#!# .1.,2 %I<# ##0
11+*0 #,);@%$% 5,:,1%$,% + ./;-', i/;-1,1$9 2/9 1,4! &1'-,1%9 (,/,+!3 B;1)($$.
E!$.) &#,% +1&1611+/9,#.9 $& ",5+!13 N5, #11.#$. W1'-, 5'..%'#5%$+'#.9 ./,2;=-
@'9 N5,.#11.#0.

3. "1/<9&1%%3# )/01+&(23

3.1. ..7<9 @>A9B>=<C. M+/=($111*, 1415$#%* (MS) R D#! #1?2' #$-,)$, %,-
#12% "I$.Y, JHIB*, 011 5506, 19=#.9 +! %114$? 5,/01%? $ /I<1*? "5$-
1<,1$97 (D"$.##S$-,)$,, %:I0#$%I2/01%,, %1IA(/+* $ 1-,10 145'1$-,11*,
&'2-$). J.",? DHS$? AISSHY!+ + 5,2 1$$ /I<1¥? &'2- I"HS%SE($$ ."1.16.4#+1-

+1 $.0,21+189% + 16/ #$, $&+,#113 )) D+I/=($111* +*-$./,1$9 (MG) [13].
MS R $#5HS+1*3 % #12, )H#I5!, "5$%,19,# #1? #$-)$, I" 5'#I5* ) 45;™

"Variable Neighborhood Descent (VND)
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Generate (P( 0));

t:=0;

while not Termination-Criterion(P(t)) do
Evaluate (P(t));

PO(t) := Selection(P(t));

PO(t) := ApplyReproduction-Ops(PO( t));
P(t + 1) := Replace(P(t), PO(1));
t:=t+1;

endwhile

Al#. 11. E.,+21)12 MS.

$12$+$2;;%!+ ("1"/9($P) (.%. '1415$#% 2). 7'<2'9 1160 + "I"/I($$ 9+/9,#.9
)2$5!1+'1113 +,5.$,3 "5,2"1/'4',%!4! 5,:,1$9. E,5+!1-'/01! D# "I";/9($9 4,-
1,585;=#.9 ./;-'31*% 165'&!%. O;1)($9 !(,1)$ #+$# + .+ #.#+$, &1'- 189,
"5$41211 . #$ 2/9 )'<213 1.16$, !(,1$+'9 ,, "5$4!1211.#0 2/9 5'..%'#5%+',%!3 &'2'-
-$.

MS +)/=-'=# 4,1 #%-,.)$, '1415$#%* [13], D+!/=($!11*, #5'%#,4%$ [13], 4,-
1,#$-,.), "5145'0%6%$5!+'1$, [13], %,#12 I"#$%$&'($$ %:5'+0$1!3 )I/11$$ [15],
Estimation of Distribution Algorithms [36], Scatter Search (U'..,911*3 "13$.)) [22]).
MS $."1/0&;=# ./;-'31! "151<2,11;= "1";/9($= 5,:,1%$3. V'-'/01'9 "I";/9($9
L0 #9 E % L H# H#+,11041 D+HY=($11114! "5](,.". ES$ )'<2!3 4,1,5'($$
"BI(,.." +.9 "I'"}/9($9 (/$6! ,, -'#0) &'%,19,#.9 +11+0 .4,1,5$5!+'11*%$ $12%-
+$2;;,%'%$ (16*-1! /;-:$%$, -,% "5,2:, #+,=@$,).

3.2. 9=9D<BILM<9 >NIE:<DAP. P,1#$-,.)$, /415$#%* 1#11.94.9 ) )/'..; D+I-
[=($'11*? % #1214+ $ $%$#$5;=# "B!(,..* D+!/=($$ 6$!/14%-,.)$? 154'1$&%!+. G
63!/1433$ "535121*, "1":/9($$ $&;-'=#.9 1' "51#9<,1$$ %1!4$? "NI/,1$3, !)-

&*+' #.9, -#! 11$ 5'&+$+'=#.9 + N#+ # #+3S$ . "581($" %S ,.#,.#+,11!4! I#6!5' $
+*<$+'1$9 1'$6!/,, "5$."1.16/,11*? 2/9 +1."5I$&+12.#+" K?15!:1 "2"#$5!+'1-

1*?L 1.16,3. P,1,#%$-,.)8, 14158#%* $%$#$5;=# D#'# "5!(,.. "5$ 5,:,1$$ &'2'-
I"#3$%3$&'($$ (Holland 1975 [29]; Goldberg 1989 [27]; Whitley 1994 [43]; Fogel 1994 [21];
Michalewicz 1992 [33]; Michalewicz & Fogel 2000 [34]). Al4/'.1! D#!3 "'5'2$4%,, "I";-
/9($9 5,;,1$3 (16*-1! &)12$51+'11*? + +$2, 6$#+*? $/$ (,/1-$./,11*? #5),

1'&*+ ,%*? 2519%1.19%'%$) D+/=($11$5;,# 1# 121141 ")I/,1$9 ) ./,2;=@,%; ";-

#,% "5%$%,1,1$9 !",5'#I51+, "I2161*? #,%, -#! .,@,.#+,=# + "53$5!2, (.,/,)($9,
4,1#%-,)!, )5,@%$+'1$, $ %:#($9). G "5I(,.., .,/.)($$ #!/0)! /-:$, 5,;,1$9
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1. W1$($/$&'($9: "15!<2,1$, 1'-'/01!3 "I";/9($$.

2. G*6!5 )5, #11.#$: +*6!5 !",5'#15!+ crossover $ mutation.

3. G*6I5 )'12$2'#-512$#,/9: $."/0&!1+'1$, I" 5'HI5' ./)($$ ) #,);@,3
"I"/9($$

4. 8(,1) "4'1$../,21+'1$, )5, #11.#$: 1, "5I1$&+129#.9

5. U,/$&'($9 :'4: $."1/0&!+'1$, !",5'#!5!+ crossover, mutation, hill
climbing, +*6!5' "I#1%)" $ 5!12%$#,/9 2/9 "I/;-,1$9 11+!3 "I";/O($$

6. T./$ )5$#,5%$ |#114)$ 1, +*"1/19=#.9, Goto 3 ("5!2!/<$#0 D+!/=($=)
$/$ Goto 1.3 ($&%,1$#0 )5$#,5$$ D+!/=($$)

Al#. 12. 86@$3 4,1,#$-,.)$3 /4158#%.

%!4;# 6*#0 +&9#* + ), #+, BI2%#,/,3 2/9 1&2'1$$ "1#1%.#+'. ES!(,.. ."5$+'"-
1$9, $&+,#1*3)") .)5,@$+'13$,, $."1/0&;,# 2+' +*65'11*? 5!12$#,/0.)$? 5,:,1$9
$)!1%63135;,# $? 1'$6!/,, <,/'#,/01*, +!13.#+' 2/9 "I/;-,1$9 12114! $/$ 6!/,,
5,:,1$3-"1#1%)!+.

8",5'#15 hill climbing (/')'/01*3 "1$.)) %,19,# 1"5,2,/,1$, ?'5")#,53.#3) 1!-
+*? $123+$2;;%!+ 2/9 ;/;-:,1$9 $? 41211 #3$ $ 5'&1!'65'&$9 "1";/9($$. ES!(,..
"IHHI50,4.9, ") 1, 6:2,# "Ii-, 10 LI+ DS, M)+ VOIL( )'<2*3
"I#1%!) %,19,#.9 ./;-'31*% !65'&!% . "1%!@0= !",5'#!5" %;#($$. V'-$1'9 .
1,)#1513 1'-'/0113 "I";/9($$ ("V/;-,11!3 ./;-'31*% 165'&!% $/$ . "1%!@0= D+-
53.#%-,.)!13 "5!(,2;5%), D#!# ($)/ "1+#159,#.9 2/9 %1!<, #+ "N/,1$3 $ + )!1(,
6:2,# 1'32,1! /;-:,, 5,:,1%,.

V' 5$.. 12 "I)'&'1* L.11+1*, :'4$ 16@,4! 4,1 #%-,.)\4! '/4158#%'".

3.3. 19DEF EKD<A<@>G<< AJ:>RU<=EQ MENE=<<M# %,#D+5%$.#$) $1."$5%$5!-
+1'16@,1%$,% $ %,?'1$&%'%$ +&'$%!2,3.#+39 5,'/01*? %;5'+0,+, )1#15*, "I&+1/9-
=# $% 1'34#$ )I51#)$, "#$ $& %;5'+,31%)' ) $.#-1$)% "$@$. A5,2!3, -,5,& )I#!-
5:= 1@, #+/9,#.9 16@,1$, %;5'+0,+, 9+/9,#.9 2$%$-,.)!, .1,2$1,1$,, $&+,.#1!,
)) B-*"& )53 L#+/9.#.9 1' & %/,. G #! +5,%9 )') $&!/$5!+'11*3 %:5'-
+,3 6!/,, $/$ %,1,, ./;-'31! 6/;<2' #, %:;5'+,3, 161'5;<$+:$3 ":#0, "1%,-,11*3
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1. $15($/$&'($9 ",5,%,11*? pheromone

2: KERDE:CDU

33 FNCk=1,...,m

4: "L#51$#0 5,:,1%,;

5. FNC RL9S'5,%,11*? pheromone

6: "L#5I$#0 5,:,1%,, ;%,10:$#0 ",5,%,11;= 1' 1,)#!15*3 "5!(,1# {$.-
"5,18%,};

7. FNC RL9S'\5,%,11*? pheromone .Il#+ #.#+,=@%$? ?!5!:,%; 5,:,1$=

8: +,/$-$#0 ",5,%,11;= { ;.$/,1%,};

9: KEM>1, +*"I/1$#.9 )5$#,5$3 L.#11+)$

Al#. 13. SIAI5$#% I"#$%$&'($$ %;5'+0$113 )I/11$$.

(ACO) [16], %lI<, #+! $.);..#+,11*? %;5'+0,+ #5!19# 5,:,1%9 1' )'<21% (3)/,
J;-'31%% $ K<'21*9%L ."1.161%. 7'<2*3 %;5'+,3 +*6$5'# ./,2,=@%$3 D/,%,1#
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WILSS | #, . #+,11*% 165'&!% 6*/ "5$%,1,1 2/9 5,:,1$9 &'2'-$ )!1%%$+!9<,5'".
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